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It is well known that there exist several simple descriptions of the internal
categories and groupoids in various classical algebraic categories such as groups,
rings, Lie algebras, etc. One of those descriptions is extended to arbitrary congru-
ence modular varieties: we describe all internal categories satisfying a certain
commutator condition which always holds for internal groupoids, and for all
 .internal categories in Mal'tsev scongruence permutable varieties. The results of
this paper show a deep connection between internal category theory and commuta-
tor theory in universal algebra; the so-called Kiss difference operation also plays a
central role. Q 1997 Academic Press
INTRODUCTION
w xIn 1982 J.-L. Loday L introduced the following notion of a categorical
 .group s1-cat-group : a categorical group is a group G together with a
subgroup N and two homomorphisms s, b: G ª N satisfying the following
conditions:
 .i srN s brN s id ,N
 . w xii Ker s, Ker b s 1
 .where 1 denotes a trivial group .
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w xAs we see from the results of L , this notion plays an important role in
homotopy theory, and is equivalent to the notions of a crossed module and
of an internal category in the category of groups see also Brown and
w x.Spencer BS .
Let us look at the structure above as an internal reflexive graph in the
category of groups, i.e., as the diagram
d 6
e
6G Gc1 06
of group homomorphisms, where G s N is the group of objects, G s G0 1
the group of morphisms, d s s the domain homomorphism, c s b the
codomain homomorphism, and e the inclusion of N in G. Accordingly we
will write
f : x ª y
 .  .if f is an element in G with d f s x and c f s y, and write1
e x s 1 : x ª x . x
 .for x g G . Condition ii holds if and only if the internal reflexive graph0
 .above has a unique internal category structure, i.e., there exists a well-
defined composition g ( f for all
f g6 6
x y z ,
 .satisfying the usual conditions. In fact ii is also equivalent to the fact the
composition is just a homomorphism from
G s g , f g G = G N d g s c f 4 .  .  .2 1 1
to G , which must be defined by1
g ( f s g y 1 q fy
 .we use the additive notation for the group structure .
This description of internal categories in terms of internal reflexive
graphs can be extended from groups to V-groups as mentioned many
times by R. Bown, G. Ellis, T. Porter, and others, and in fact to any
universal algebras which admit a so-called Mal'tsev operation, as shown in
w x  w x.J1 further extended to ``Mal'tsev categories'' in CPP . Note that in all
these cases the internal categories are the same as the internal groupoids.
w xActually the results of J1 show that the Mal'tsev case is even more
natural than the group case: in particular for the composition above we
have just
g ( f s p g , 1 , f , .y
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where p is the Mal'tsev operation sany three variable term satisfying
 .  . .p x, y, y s x and p x, x, y s y .
w xNote that the results of J1 imply two well-known properties of Mal'tsev
varieties:
 .1. Every reflexive homomorphic relation is a congruence.
2. An algebra A has an internal group structure i.e., a group structure
.such that q: A = A ª A is a homomorphism if and only if it is abelian in
w xthe sense of universal algebra, i.e., = , = s D , where = and D areA A A A A
 .the largest and the smallest congruence on A , respectively.
All these together with the existence of the so-called Gumm difference
 w x.terms for congruence modular varieties see Freese and McKenzie FM
suggested to us that it could be possible to describe, in a similar manner,
 .the internal categories satisfying condition ii above, in an arbitrary
congruence modular variety C. Investigating this question, we have real-
ized that the Gumm difference would not work because the commutator
 . needed in ii involves two unrelated congruences unlikely the case of
.abelian algebras where the Gumm difference does work , and we need to
 .use another kind of terms ``4-difference terms'' introduced by E. W. Kiss
w xK ; we will call such a term q the Kiss difference.
In this paper we will show that
g ( f s q g , 1 , w , f .y
 .in the assumptions above , where w is an arbitrary morphism with
 .  .  .  .d w s d f and c w s c g ; we cannot avoid the requirement that such
a w does exist, otherwise we would be able to prove that every reflexive
 .homomorphic relation is transitive, which is not true in general.
This formula for the composition easily gives our main result, which
 .extends the description of internal categories satisfying ii to the case of
congruence modular varieties. We also show that internal groupoids always
 .  .even in arbitrary varieties satisfy ii , and hence we obtain a description
of all internal groupoids in congruence modular varieties.
The paper contains seven sections:
1. the list of ``internal notions''}we recall the definitions of an inter-
nal category, groupoid, monoid, group, preorder, equivalence relation,
reflexive graph, and multiplicative graph;
2. the commutator and the Kiss difference}we recall the definitions
and results from universal algebra which we need later;
3. the Kiss difference at work}using the Kiss difference we describe
 .the internal composition s multiplication and prepare the framework for
the main results;
4. the main results;
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5. internal categories in Mal'tsev varieties}we show that the known
w xdescription of internal categories and groupoids in Mal'tsev varieties J1
can be easily obtained as a special case;
6. internal groupoids in congruence distributive varieties}we show
that all internal groupoids in such a variety are equivalence relations;
7. internal groups}their description can be obtained as another
special case, and it is ``almost'' equivalent to the so-called fundamental
 w x.theorem on abelian algebras see FM .
Finally, we would like to observe:
1. We consider the internal categories only in varieties of universal
algebras, but in fact it is also reasonable to try a purely categorical
w x w x w x w xapproach, like in CPP , P1 , P2 , and P3 .
2. The results of this paper can be used in Galois theory in categories
 w x .see J2 and references there , and especially in the theory of central
w xextensions of universal algebras developed in JK .
1. THE LIST OF ``INTERNAL NOTIONS''
1.1. Internal Categories
A small category C can be described as a diagram in sets of the form
p1 d6 6
m e6
6C C C , 1 .6 62 1 0
p c2
where
C is the set of objects in C;0
C is the set of morphisms in C;1
d and c the domain and the codomain, respectively, i.e., if f : a ª b is a
 .  .morphism in C, then d f s a and c f s b;
C together with p and p forms the pullback2 1 2
p2 6C C2 1
6 6
p c1 2 .
6
C C1 0d
 .  .  .4i.e., C is the set C s g, f N d g s c f of composable pairs of2 2
 .  .morphisms in C , and p : g, f ¬ g, p : g, f ¬ f are the projections;1 1 2
 .m: C ª C is the composition, i.e., m g, f s g ( f , and e: C ª C the2 1 0 1
 .identity, i.e., m a s 1 .a
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 .Moreover, the conditions which the diagram 1 must satisfy can be
expressed just in terms of arrows using pullbacks, but not the elements of
C , C , and C . Therefore we can replace Sets by an arbitrary category C0 1 2
with pullbacks, and define a small category ``inside C,'' called an internal
 w x .category in C see Jo, MM for details .
In this paper we consider only the case where C is a variety of universal
algebras. In this case an internal category can be defined as a small
category C equipped with algebraic structures on C , C , and C such that0 1 2
 .i C , C , and C are objects in C;0 1 2
 .  .ii d, c, e, p , p , m are homomorphisms smorphisms in C .1 2
Note that the algebraic structure on C is uniquely determined as the2
pullback structure, and so we could equivalently say that C and C have0 1
algebraic structures such that d, c, e are morphisms in C and m becomes a
 .morphism in C if we consider C as an object in C via p , p .2 1 2
1.2. Internal Monoids s Monoid Objects
An internal monoid in a variety C is an internal category M in C such
that M is a trivial algebra. Equivalently it can be described as a monoid0
 .M s M , (, e equipped with an algebraic structure on the underlying set1
M such that the composition (: M = M ª M is a homomorphism.1 1 1 1
Internal monoids are usually called monoid objects.
1.3. Internal Preorders
An internal preorder in a variety C is an internal category C in C such
that d and c are jointly monic, i.e., if f : a ª b and f 9: a ª b are
morphisms in C with the same domain a and codomain b, then f s f 9.
 .Equivalently it can be described as a pair C s C , C , where C is an0 1 0
object in C and C is a subalgebra in C = C which is a reflexive and1 0 0
transitive relation on C .0
1.4. Internal Groupoids
We can simply define an internal groupoid in a variety C as an internal
category in C whose underlying small category is a groupoid, i.e., an
internal category in C in which every morphism f : a ª b has an inverse
fy1 : b ª a.
Note that if C is an internal groupoid, then the map i: C ª C defined1 1
y1  .by f ¬ f is a homomorphism and therefore an isomorphism .
1.5. Internal Groups s Group Objects
An internal group in C is an internal category in C which is an internal
monoid and an internal groupoid at the same time. Equivalently it can be
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  .y1 .described as a group G s G , (, e, equipped with an algebraic1
structure on the underlying set G such that the composition (: G =1 1
G ª G is a homomorphism. Internal groups are usually called group1 1
objects.
1.6. Internal Equi¨ alence Relations s Congruences
An internal equivalence relation in C is an internal category in C which
is an internal preorder and an internal groupoid at the same time.
 .Equivalently it can be described as a pair C s C , C , where C is an0 1 0
object in C and C a subalgebra in C = C which is a reflexive, symmet-1 0 0
ric, and transitive relation in C . Briefly, internal equivalence relations in0
varieties are the same as congruences in the sense of universal algebra.
1.7. Internal Reflexi¨ e and Multiplicati¨ e Graphs
These notions are less important but needed in order to investigate
w x 1internal categories and groupoids in varieties, in the manner of J1 , later
w xalso used in CPP . Again they can be defined in an arbitrary category C,
but we will consider only the case where C is a variety.
An internal reflexive graph in C is just a diagram in C of the form
d 6
e
6G G 3 .c1 06
with de s 1 s ce. However, we will use the categorical notation: we willG 0
 .  .  .write f : a ª b for f g G with d f s a and c f s b, and write e a s1
1 : a ª a for a g G .a 0
A multiplication on a reflexive graph above is a homomorphism m:
  .  .  .4  .G ª G where again G s g, f N d g s c f , written as m: g, f ª2 1 2
g ( f , with
f (1 s f , 1 ( f s f 4 .a b
for every f : a ª b. Note that we require neither associativity nor
d g ( f s d f , c g ( f s c g 5 .  .  .  .  .
i.e., for f : a ª b and g : b ª c, it may happen that we have g ( f : a9 ª c9
.with a9 / a and c9 / c . An internal multiplicative graph in C is an
internal reflexive graph in C with a multiplication.
So, a multiplicative graph is a reflexive graph with an additional struc-
ture, and an internal category is a multiplicative graph satisfying an
additional condition; in particular every internal category has an underly-
ing reflexive graph.
1 w xIn J1 the reflexive graphs were called split graphs.
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2. THE COMMUTATOR AND THE KISS DIFFERENCE
2.1
From now C will denote a fixed variety of universal algebras defined by
a set of operators V s V j V j V j ??? where V denotes the set of0 1 2 n
.n-ary operators and a certain set of identities. We will often assume that
C is congruence modular, i.e., that for each object A in C, the lattice
 .Cong A of all congruences on A is modular; we will write D s D andA
 .= s = for the zero and 1 of Cong A , respectively.A
2.2. The Commutator
 .Let A be an object in C and R, S g Cong A . The commutator
w xR , S g Cong A 6 .  .
can be defined in various ways which give the same notion if C is
 . w xcongruence modular. We will use the definition 3.2 4 of FM , which can
be introduced in several steps as follows.
 .a Consider the set of all 2 = 2 matrices
a a11 12
a a /21 22
with a , a , a , a g A; we will identify this set with11 12 21 22
A4 s A = A = A = A
and hence consider it as an object in C.
 .  . 4b Consider the subalgebra M R, S of A generated by all matrices
of the forms
a a b b9, 7 . /  /a9 a9 b b9
 .  .where a, a9 g R and b, b9 g S.
 . w xc R, S is the smallest congruence T on A such that for any matrix
a a11 12 g M R , S j M S, R , 8 .  .  .a a /21 22
 .  .a , a g T implies a , a g T.11 12 21 22
w x  .In particular, R, S g D if and only if for any matrix as in 7 ,A
a s a implies a s a 9 .11 12 21 22
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Note that clearly
w x w xR , S s S, R F R n S, 10 .
w  .xas mentioned in FM, Proposition 3.4 2 .
If C is congruence modular, the commutator has many other nice
 w x.properties see FM .
2.3. The Kiss Difference
w xE. W. Kiss K introduced the following definition: a four variable term
 .q is said to be a 4-difference term for C if q x, y, x, y s x and
 .  .q x, x, u, u s u are identities of C, and for any two R]R9 -rectangles
 .  .ab, cd and ab, c9d of any algebra in C we have
w xq a, b , c, d , q a, b , c9, d g R , R9 . 11 .  .  . .
 .  .Here `` R]R9 -rectangle ab, cd of an algebra A'' is the situation
R9a c
R R 12 .
b d
R9
 .  .  .  .i.e., elements a, b, c, d in A such that a, b , c, d g R and a, c , b, d g
 .R9, where R, R9 g Cong A .
We will use the following facts about Kiss differences, which are part of
w xTheorem 3.8 of K :
 .a Every congruence modular variety has a 4-difference term.
 .b If q is a 4-difference term on C, A is an object in C, and R, R9 are
w xcongruences on A, then R, R9 s D if and only if for any operatorA
 .  .  .w g V and any R]R9 -rectangles a b , c d , . . . , a b , c d , we haven 1 1 1 1 n n n n
q w a , . . . , a , w b , . . . , b , w c , . . . , c , w d , . . . , d .  .  .  . .1 n 1 n 1 n 1 n
s w q a , b , c , d , . . . , q a , b , c , d , 13 .  .  . .1 1 1 1 n n n n
and q is independent of its third variable on these rectangles, that is, if
 .  .  .  .ab, cd and ab, c9d are R]R9 -rectangles, then q a, b, c, d s
 .q a, b, c9, d .
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3. THE KISS DIFFERENCE AT WORK
3.1
Let C be a congruence modular variety as above, q a fixed 4-difference
term on C, and
d 6
e
6G s G Gc1 06 /
a fixed internal reflexive graph in C.
 .We will often use Ker d]Ker c -rectangles of G , where Ker d and1
Ker c are the congruences on G obtained from d and c, respectively, i.e.,1
 .  .  .4  .Ker d s w, c N d w s d c and similarly for c. Note that w c , w c1 1 2 2
 .is a Ker d]Ker c -rectangle if and only if these four morphisms can be
displayed as
y 14 .w w61 26
x x .61 26c c1 2z
Thus we obtain
 .3.2. PROPOSITION. a For any two morphisms w and c in G we ha¨e
q w , c , w , c s w , q w , w , c , c s c . .  .
 .b For any diagram in G of the form
Xy 15 .w w61 266
w2x x61 26c c1 2z
we ha¨e
X w xq w , c , w , c , q w , c , w , c g Ker d , Ker c . .  . .1 1 2 2 1 1 2 2
 . w xc In particular, if Ker d, Ker c s D, then, for any diagram in G of the
 .form 15 , we ha¨e
q w , c , w , c s q w , c , wX , c . .  . .1 1 2 2 1 1 2 2
3.3. PROPOSITION. Suppose that G has a multiplication. Then for any
 .g, f g G , we ha¨e2
g ( f s q g , 1 , g ( f , f , .y
 .  .where y s d g s c f .
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Proof. Since the multiplication must be a homomorphism, for any
 .  .  .  .g , f , g , f , g , f , g , f g G we have1 1 2 2 3 3 4 4 2
q g , g , g , g ( q f , f , f , f .  .1 2 3 4 1 2 3 4
s q g ( f , g ( f , g ( f , g ( f . 16 .  .1 1 2 2 3 3 4 4
 .  .  .  .In particular g, 1 , 1 , 1 , g, f , 1 , f g G givey y y y 2
g ( f s q g , 1 , g , 1 ( q 1 , 1 , f , f .  .y y y y
s q g (1 , 1 (1 , g ( f , 1 ( f s q g , 1 , g ( f , f .  .y y y y y
as desired.
3.4. PROPOSITION. Suppose G has a multiplication and the following
conditions hold:
 . w xa Ker d, Ker c s D;
 .  .  .  .  .  .b d g ( f s d f and c g ( f s c g for any g, f g G .2
 .  .  .  .Then for any w g G with d w s d f and c w s c g we ha¨e1
g ( f s q g , 1 , w , f , 17 . .y
 .  .where y s d g s c f .
 .Proof. Applying Proposition 3.2 c to
c g 18 .  .w6g 66
g ) f6y d f .6 f1 y y
 .  .  .we obtain q g, 1 , g ( f , f s q g, 1 , w, f , and so 17 follows fromy y
Proposition 3.3.
 .3.5. COROLLARY. If G satisfies condition a of Proposition 3.4, then it
 .admits at most one multiplication satisfying condition b of Proposition 3.4.
 .3.6. PROPOSITION. E¨ery multiplication on G satisfying condition b of
 .   .  .  .  ..Proposition 3.4 and 17 for any w g G, with d w s d f and c w s c g
is associati¨ e and so determines an internal category structure. In particular
 .  .this is true if conditions a and b of Proposition 3.4 hold.
Proof. Let
f g h6 6 6x y z t
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  ..  .  .be a composable triple in G. Since d h( g ( f s d g ( f s d f s
 . .   ..  .  .  . .d h( g ( f and c h( g ( f s c h s c h( g s c h( g ( f , we can
write
h( g ( f s q h( g , 1 , h( g ( f , f .  . .y
 .  .  .  .  .using 17 . On the other hand, applying 16 to g , f s h, g , g , f s1 1 2 2
 .  .  .  .  .1 , 1 , g , f s h, g ( f , and g , f s 1 , f , we obtainy y 3 3 4 4 y
q h , 1 , h , 1 ( q g , 1 , g ( f , f .  .y y y
s q h( g , 1 (1 , h( g ( f , 1 ( f , . .y y y
i.e.,
h( g ( f s q h( g , 1 , h( g ( f , f .  . .y
 .  .and so h( g ( f s h( g ( f as desired.
 .3.7. PROPOSITION. If G has a multiplication satisfying conditions a and
 .b of Proposition 3.4, then for any diagram in G of the form
f 6
6x yg
 .we ha¨e g ( q 1 , g, f , 1 s 1 .y x x
 .  .  .  .  .  .Proof. Applying 16 to g , f s g, 1 , g , f s 1 , g , g , f s1 1 y 2 2 x 3 3
 .  .  .g, f , and g , f s 1 , 1 , we obtain4 4 x x
q g , 1 , g , 1 ( q 1 , g , f , 1 .  .x x y x
s q g (1 , 1 ( g , g ( f , 1 (1 , .y x x x
i.e.,
g ( q 1 , g , f , 1 s q g , g , g ( f , 1 , . .y x x
and
x 19 .16g x66
g ( f6y x6g 1 xx
 .  .  .gives q g, g, g ( f , 1 s q g, g, 1 , 1 s 1 . Therefore g ( q 1 , g, f , 1 sx x x x y x
1 as desired.x
 .3.8. PROPOSITION . Suppose G satisfies condition a of Proposition 3.4,
 .and the following condition: for any g, f g G there exists w g G with2 1
d w s d f , c w s c g . .  .  .  .
 .Then G has a multiplication satisfying condition b of Proposition 3.4.
CONGRUENCE MODULAR VARIETIES 563
 .Proof. We just define the multiplication by 17 , where w is as
above}clearly this does not depend on the choice of w. Then we should
check the following:
 .i For any diagram in G of the form
z 20 .w6g 6
6y x6 f1 y y
we have
d q g , 1 , w , f s x , 21 . . .y
c q g , 1 , w , f s z , 22 . . .y
f s 1 « q g , 1 , w , f s g , 23 . .y y
g s 1 « q g , 1 , w , f s f . 24 . .y y
 .ii For any operator w g V and any n-tuple of diagrams in G of then
form
z wg 6 i ii 6
y x6i i6 f1 iy yi i
 .where i s 1, . . . , n , we have
q w g , . . . , g , 1 , w , w f , . . . , f .  . .1 n w y , . . . , y . 1 n1 n
s w q g , 1 , w , f , . . . , q g , 1 , w , f , 25 . .  . .1 y 1 1 n y n n1 n
 .where we can take w s w w , . . . , w , since our definition of the multipli-1 n
cation does not depend on the choice of it.
 .This will be sufficient because 25 means that the multiplication is a
 .  .homomorphism, 23 and 24 mean that it satisfies g (1 s g and 1 ( f sy y
 .  .  .f , respectively, and 21 and 22 mean that it satisfies condition b of
Proposition 3.4.
We have
d q g , 1 , w , f s q d g , d 1 , d w , d f .  .  . .  . .  .y y
s q y , y , x , x s x , .
c q g , 1 , w , f s q c g , c 1 , c w , c f .  .  . .  . .  .y y
s q z , y , z , y s z , .
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fs1 « q g , 1 , w , f s q g , 1 , w , 1 .  .y y y y
s q g , 1 , g , 1 s g , .y y
gs1 « q g , 1 , w , f s q 1 , 1 , w , f .  .y y y y
s q 1 , 1 , f , f s f . .y y
 .  .  .  .i.e., i holds. In order to check ii note that 1 s w 1 , . . . , 1w y , . . . , y . y y1 n 1 n
 .  .  .and since we can take w s w w , . . . , w , 25 follows from 13 .1 n
3.9. PROPOSITION. Suppose G has a multiplication which satisfies condi-
 .tion a of Proposition 3.4 and determines an internal category structure. Then
 .for any diagram in G of the form 14 with in¨ertible c we ha¨e1
y1  .w (c (c s q w , c , w , c .1 1 2 1 1 2 2
Proof. The proof is just a calculation, similar to what was done before:
w (cy1 (c s q w , 1 , w , 1 ( q cy1 , 1 , cy1 , 1 ( q c , c , c , c .  . .1 1 2 1 z 1 z 1 z 1 z 1 1 2 2
s q w , c , w (cy1 (c , c .1 1 1 1 2 2
s q w , c , w , c . B .1 1 2 2
4. THE MAIN RESULTS
4.1. THEOREM. Let
d 6
e
6G s G Gc1 06 /
be an internal reflexi¨ e graph in a congruence modular ¨ariety C with
w xKer d, Ker c s D. Then the following conditions are equi¨ alent:
 .a there exists an internal category in C whose underlying internal reflex-
i¨ e graph is G;
 .b there exists a unique internal category in C whose underlying internal
reflexi¨ e graph is G;
 .  .  .c there exists a multiplication on G satisfying d g ( f s d f and
 .  .  .c g ( f s c g for any g, f g G ;2
 .  .  .d there exists a unique multiplication on G satisfying d g ( f s d f
 .  .  .and c g ( f s c g for any g, f g G ;2
 .  .  .e G , d, c gi¨ es a transiti¨ e relation on G , i.e., for any g, f g G1 0 2
 .  .  .  .there exists w g G with d w s d f and c w s c g .1
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 .  .  .  .  .  .Proof. The implications b « a « c « e and d « c are trivial.
 .  .  .  .  .  .Furthermore, a m c and b m d follow from Proposition 3.6, c « d
 .  .from Proposition 3.4, and e « c from Proposition 3.8.
4.2. THEOREM. Let
p1 d6 6
m e6
6G s G G Gp c1 1 02 6 /6
be an internal groupoid in an arbitrary ¨ariety C. Then:
 . w xa Ker d, Ker c s D;
 .b if C is congruence modular and q a 4-difference term on C, then
w (cy1 (c s q w , c , w , c .1 1 2 1 1 2 2
for any diagram in G of the form
yw w61 26
x x .61 26c c1 2z
 .Proof. a According to Sect. 2.2 we have to show that for any matrix
w w11 12 g M Ker d , Ker c j M Ker c, Ker d , .  .w w /21 22
w s w implies w s w . Let S be the set of all matrices11 12 21 22
w w11 12
w w /21 22
 .  .such that w w , w w is a Ker d]Ker c -rectangle, i.e., it can be11 21 12 22
displayed as
w w611 126
6 6w w21 22
and wy1 ? w s wy1 ? w . Then, clearly, on one hand S is a subalgebra in12 11 22 21
4  .  .y1  .4G , containing M Ker d, Ker c s w : w g M ker c, ker d and on1 i j i j
the other hand, for any matrix above which belongs to S, we have
w s w « wy1 ? w s 1 « wy1 ? w s 1 « w s w .11 12 12 11 22 21 21 22
 .  .b Part b follows immediately from Proposition 3.9.
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4.3. COROLLARY. Let
d 6
e
6G s G Gc1 06 /
be an internal reflexi¨ e graph in a congruence modular ¨ariety C. The
following conditions are equi¨ alent:
 .a there exists an internal groupoid in C whose underlying internal
reflexi¨ e graph is G;
 .b there exists a unique internal groupoid in C whose underlying internal
reflexi¨ e graph is G;
 . w x  .c Ker d, Ker c s D and G , d, c gi¨ es a symmetric and transiti¨ e1
relation on G .0
 .  .  .  .  .Proof. a m b « c follows from Theorem 4.2, and c « a from
Theorem 4.1 and Proposition 3.7 in particular the inverse of a morphism
y1  .f : x ª y can be calculated as f s q 1 , f , g, 1 , where g is an arbitraryx y
.morphism from y to x .
4.4. Remark. The set S which played such an important role in the
proof of Theorem 4.2 can be called the set of ``commutative rectangles.'' It
is easy to show that in fact
S s D ,Ker d , Ker c
where the right-hand side is the ``D'' which is well known in universal
 w x.algebra see FM .
5. INTERNAL CATEGORIES IN MAL'TSEV VARIETIES
5.1. Mal'tse¨ Varieties and Mal'tse¨ Operations
It is well known that the following conditions are equivalent:
 .  .a C is a Mal'tsev scongruence permutable variety;
 .b for any object A in C, any subalgebra in A = A which is a reflexive
relation on A is a congruence on A;
 .c C admits a Mal'tsev operation, i.e., a three variable term p such
 .  .that p x, y, y s x and p x, x, y s y are identities of C.
It is also well known that every Mal'tsev variety is congruence modular,
w xand as Kiss K observed, using a Mal'tsev operation p, we can obtain a
4-difference term q as
q x , y , u , ¨ s p x , y , ¨ . 26 .  .  .
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5.2. Internal Categories and Groupoids
Internal categories and groupoids in a Mal'tsev variety are described in
w xJ1 . The same description can be obtained from the results of Sects. 3 and
4 above.
 .The main observation is that Proposition 3.3 and 26 together give
g ( f s p g , 1 , f 27 . .y
 .in the notation of Proposition 3.3 , and so we do not need to require
 .  .  .conditions a and b in Proposition 3.4. Moreover condition b of
Proposition 3.4 becomes trivial:
d g ( f s d p g , 1 , f s p d g , d 1 , d f .  .  . .  . .  .y y
s p y , y , d f s d f , .  . .
c g ( f s c p g , 1 , f s p c g , c 1 , c f .  .  . .  . .  .y y
s p c g , y , y s c g . .  . .
So we can use Proposition 3.7, which now tells us that every internal
multiplicative graph in a Mal'tsev variety is an internal groupoid the
 .existence of g in Proposition 3.7 for any f follows from condition b in
.Sect. 5.1 .
This gives the following description of internal categories and internal
groupoids in a Mal'tsev variety.
5.3. THEOREM. Let
d 6
e
6G s G Gc1 06 /
be an internal reflexi¨ e graph in a Mal'tse¨ ¨ariety C. Then the following
conditions are equi¨ alent:
 .a there exists an internal groupoid in C whose underlying internal
reflexi¨ e graph is G;
 .b there exists a unique internal groupoid in C whose underlying internal
reflexi¨ e graph is G;
 .c there exists an internal category in C whose underlying internal reflex-
i¨ e graph is G;
 .d there exists a unique internal category in C whose underlying internal
reflexi¨ e graph is G;
 .e G has a multiplication;
 .f G has a unique multiplication;
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 .  .  .g for any w g V and g , f , . . . , g , f g G we ha¨en 1 1 n n 2
p w g , . . . , g , w 1 , . . . , 1 , w f , . . . , f .  . . .1 n y y 1 n1 n
s w p g , 1 , f , . . . , p g , 1 , f , .  . .1 y 1 n y n1 n
 .  .  .where y s d g s c f i s 1, . . . , n ;i i i
 . w xh Ker d, Ker c s D.
5.4. Remark. Consider the case where d and c are jointly monic. We
have
w xKer d , Ker c F Ker d n Ker c s D
and all conditions of Theorem 5.3 must hold. In particular G must
 .determine a congruence on G . This means that condition b in Sect. 5.10
follows from Theorem 5.3. Therefore Theorem 5.3 provides the following
new characterization of the Mal'tsev varieties: a variety C is a Mal'tsev
variety if and only if every internal reflexive graph G in C with
w x  .  .Ker d, Ker c s D where d and c are as above admits a unique internal
groupoids structure.
6. INTERNAL GROUPOIDS IN CONGRUENCE
DISTRIBUTIVE VARIETIES
6.1
Let C be a congruence distributive variety, i.e., a variety in which every
 .object A has a distributive lattice Cong A of congruences. As mentioned
w xin K , in this case there is a ``trivial'' 4-difference term q for C, defined by
q x , y , u , ¨ s u , 28 .  .
which tells us that in the situation of Proposition 3.4 and therefore also in
.the situation of Theorem 4.1 , there are no parallel arrows in G. However,
this observation is trivial because
w xKer d , Ker c s Ker d n Ker c 29 .
the commutator is always the same as the intersection if and only if the
.variety is congruence distributive . So Theorem 4.1 becomes trivial. On the
other hand Corollary 4.3 gives
6.2. COROLLARY. E¨ery internal groupoid in a congruence distributi¨ e
¨ariety is an internal equi¨ alence relation.
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w xIn fact, as proved in P3 , this can be used as a characterization of
congruence distributive varieties among the congruence modular ones.
7. INTERNAL GROUPS
 4Let A be an object in a variety C and let A s e be a trivial0
subalgebra in A. We will identify the element e with the inclusion
 .A ª A. The pair A, e can be considered as a reflexive graph0
d 6
e
6A A ,6 0
c
w xwhere d s c is the unique map from A to A , and Ker d, Ker c s D0
means that
w x= , = s D . 30 .A A A
If this is the case, we can say that A is abelian in the sense of universal
algebra in the case of a congruence modular variety, this notion of
w x``abelian'' is also used in FM .
The results of Sect. 4 tell us that any internal group in C is an abelian
algebra, and that any abelian algebra in a congruence modular variety has
a unique internal group structure in fact is is also easy to show that this
.structure is abelian in the usual sense .
This shows the relationship between our results and what is called the
w xfundamental theorem on abelian algebras in FM .
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